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Algebraic approach
Many-body spin systems

Single-particle algebra

Cavity-atom systems Atoms in a lattice

￼|ex⟩

￼|gr⟩
￼{σx, σy, σz} ↔ 𝒜



Algebraic approach
Many-body spin systems

Single-particle algebra

Cavity-atom systems Atoms in a lattice

￼|ex⟩

￼|gr⟩

Many-particle algebra

￼𝒜N =
N

⨂
k=1

𝒜
￼σ(k)

r = 1 ⊗ 1 ⊗ … ⊗ σr ⊗ 1 ⊗ … ⊗ 1

th position k

Quasi-local algebra ￼𝒜∞ = lim
N→∞

𝒜N
∥⋅∥

Example

￼O =
∞

∑
k=1

e−kσ(k)
x

￼{σx, σy, σz} ↔ 𝒜



Algebraic approach
Quantum states

￼ω : 𝒜N → ℂ ￼𝒜N ∋ O ↦ ⟨O⟩ = ω(O)
Expectation values

Positivity

Normalisation 

Linearity

￼ω(A†A) ≥ 0
￼ω(1) = 1

￼ω(A + λB) = ω(A) + λω(B)
￼{



Algebraic approach
Quantum states

￼ω : 𝒜N → ℂ ￼𝒜N ∋ O ↦ ⟨O⟩ = ω(O)
Expectation values

• Translation invariance ￼ω(σ(k)
r ) = ω(σ(h)

r ) = ω(σr)

• Clustering ￼ lim
|k|→∞

ω(τk(A)B) = ω(A)ω(B)

• Permutation invariance ￼ω(σ(k1)
r σ(h1)

s ) = ω(σ(k2)
r σ(h2)

s )

Example ￼ω(σ(k)
r σ(h)

s ) = ω(σr)ω(σs) k ≠ h

Positivity

Normalisation 

Linearity

￼ω(A†A) ≥ 0
￼ω(1) = 1

￼ω(A + λB) = ω(A) + λω(B)
￼{

Product state

Additional properties



Hamiltonian operator

• Local fields

• Finite-range interactions

• Power-law decaying interactions

Hamiltonian
￼𝒜N ∋ HN ↦ UN(t) = e−itHN

￼HN ∝ Ω
N

∑
k=1

σ(k)
x

￼HN ∝ V
N

∑
k=1

σ(k)
z σ(k+1)

z

￼HN ∝ V
N

∑
k,h=1

σ(k)
z σ(h)

z

|rk − rh |α

￼   position vector for 
particle ￼

rk
k

￼V

￼V/ |rk − rh |α

￼h￼k



Renormalisation: Kac-factor
￼N1−α/d α < d
￼log N α = d

￼const . α > d

Short- vs long-range interactions
Power-law exponent

￼HN ∝ V
N

∑
k,h=1,k≠h

σ(k)
z σ(h)

z

|rk − rh |α

￼    range of the interactionsα →

￼0 ￼α￼d

Short rangeLong range

￼HN ∝ V
N

∑
k=1

N

∑
h≠k

σ(k)
z σ(h)

z

|rk − rh |α

￼HN ∝
V
cN

α

N

∑
k,h=1,k≠h

σ(k)
z σ(h)

z

|rk − rh |α ￼{￼cN
α ∝

Defenu et al. RMP 95, 035002 (2023)



Collective interactions
All-to-all (collective) interactions with same strength

“Toy” models for equilibrium phase transitions

￼   α = 0
￼HN ∝

V
N

N

∑
k,h=1

σ(k)
z σ(h)

z =
V
N

Sz Sz
￼Sr =

N

∑
k=1

σ(k)
r

• Curie-Weiss ferromagnet

• BCS model

￼HN = −
V
N

Sz Sz

￼HN = − εSz −
2Tcrit

N
S+S−

• Spin-boson models (Dicke or Tavis-Cummings models)

Thirring et al. CMP 4, 303 (1967)

Hepp et al. Ann. Phys. 76, 360 (1973)
Kirton et al. Adv. Quantum Technol. 2, 1970013 (2019)



Collective interactions
Efficient numerical simulation

￼  is conservedS2 = S2
x + S2

y + S2
z

￼Sz |S, m⟩ = m |S, m⟩
￼S+ |S, m⟩ ∝ |S, m + 1⟩



Collective interactions
Efficient numerical simulation

Exact analytical results

￼  is conservedS2 = S2
x + S2

y + S2
z

￼Sz |S, m⟩ = m |S, m⟩
￼S+ |S, m⟩ ∝ |S, m + 1⟩

￼HN = − ε Sz −
2Tcrit

N
S+S−

￼hN = − ε Sz − 2Tcrit ( ⟨S+⟩
N

S− +
⟨S−⟩

N
S+)

￼⟨Sr⟩ =
Tr (e−β hN Sr)
Tr (e−β hN)

Self-consistency 
equations

￼T￼Tcrit

￼
⟨S+⟩

N
Normal 
phase

Supercond. 
phase

Thirring et al. CMP 4, 303 (1967)



Why open quantum systems?

Reported non-equilibrium phase transition behaviour

No-go theorem for certain equilibrium transitions
• Dicke super-radiant transition cannot be realised in equilibrium

• Or even time crystals cannot be observed in equilibrium

O
rd

er
 p

ar
am

et
er Control 

parameter
Order 

parameter

Time

a.
u.

a.
u.

Experiments

a.u.

Numerics
a.

u.

Kirton et al. PRL 118, 123602 (2017)

Baumann et al. PRL 117, 140402 (2011)

• Uncontrolled dissipative channels (e.g. spontaneous emissions)

Control parameter



Collective open quantum systems
Quantum master equation: Heisenberg and functional dynamics

￼ ·Ot = 𝕃*[Ot] := i[HN, Ot] + ∑
μ

γμ(J†
μ Ot Jμ −

1
2

{Ot , J†
μJμ})

￼Ot = et𝕃*[O] ↦ ωt := ω ∘ et𝕃*
Evolution of functionals

￼⟨O⟩t = ω(et𝕃*[O]) = ωt(O)



Collective open quantum systems
Quantum master equation: Heisenberg and functional dynamics

Collective jump operators

￼ ·Ot = 𝕃*[Ot] := i[HN, Ot] + ∑
μ

γμ(J†
μ Ot Jμ −

1
2

{Ot , J†
μJμ})

￼Ot = et𝕃*[O] ↦ ωt := ω ∘ et𝕃*
Evolution of functionals

￼⟨O⟩t = ω(et𝕃*[O]) = ωt(O)

￼Jμ =
1
N

N

∑
k=1

j(k)

￼𝕃*[O] = i[HN, O] +
1
N ∑

μ,ν

cμν(Vμ O Vν −
1
2

{O , VμVν})
Generic form of collective dynamical generators

￼HN = ∑
μ

ΩμVμ + ∑
μ,ν

hμν

N
VμVν

￼Vμ =
N

∑
k=1

v(k)
μ

￼Tr(vμ vν) = δμν

Example
￼vμ = σμ/ 2



Collective open quantum systems

￼𝕃*[O] = i[HN, O] +
1
N ∑

μ,ν

cμν(Vμ O Vν −
1
2 {O , VμVν})

Generic form of collective dynamical generators

￼cμν = aμν + ibμν , aμν , bμν ∈ ℝ

￼𝕃*[O] = i[HN, O] +
1
N ∑

μ,ν

aμν

2 [[Vμ, O], Vν] +
i
N ∑

μν

bμν

2 {[Vμ, O], Vν}

Single-site dissipative contributions

￼𝔻*[O] = γ
N

∑
k=1

(j† (k) O j(k) −
1
2 {j† (k) j(k), O})

Kossakowski matrix

Break the conservation of total angular momentum!

￼c ≥ 0

￼Vμ =
N

∑
k=1

v(k)
μ



Collective open quantum systems
Numerical simulation is still efficient but much more limited

O
rd

er
 

pa
ra

m
et

er

Kirton et al. PRL 118, 123602 (2017) FC et al. PRL 133, 150401 (2024)

Chase et al. PRA 78, 052101 (2008); Shammah et al. PRA 98, 063815 (2018)

FC, PRL 131, 227102 (2023)



Mean-field observables
Sample-mean properties of the system

￼ω(v(h)
μ ) =

1
N

N

∑
k=1

ω(v(k)
μ ) = ω(

Vμ

N )
￼mN

μ :=
Vμ

N
￼mN

μ → ?
￼N ≫ 1



Mean-field observables
Sample-mean properties of the system

(Quantum) Law of large numbers

￼ω(v(h)
μ ) =

1
N

N

∑
k=1

ω(v(k)
μ ) = ω(

Vμ

N )
￼mN

μ :=
Vμ

N
￼mN

μ → ?
￼N ≫ 1

• Clustering state   ￼ω ￼mN
μ → [ lim

N→∞
ω(mN

μ )]1 = ω(vμ)1

Under any possible expectation

￼ lim
N→∞

ω(AmN
μ B) = ω(AB) ω(vμ) ￼A, B ∈ 𝒜∞

• Proof

￼ ω(AB [mN
μ − ω(vμ)]) ≤ ∥A∥∥B∥ ω ([mN

μ − ω(vμ)]2) → 0

￼ ω(AmN
μ B) − ω(AB mN

μ ) ≤ ∥A∥ [mN
μ , B] → 0



Mean-field observables
Example: clustering state ￼ω(O) = ⟨ ↑all |O | ↑all ⟩

￼ω ([mN
μ − ω(vμ)]2) =

1
N2

N

∑
k,h=1

[ω (v(k)
μ v(h)

μ ) − ω(v(k)
μ )ω(v(h)

μ )]
￼=

1
N2

N

∑
k=1

[ω (v(k)
μ v(k)

μ ) − ω(v(k)
μ )ω(v(k)

μ )]
￼=

1
N [ω (v2

μ) − ω(vμ)2] → 0



￼ω ([mN
x − ω(vx)]2) →

1
4

Mean-field observables
Example: clustering state

Example: non-clustering state

￼ω(O) = ⟨ ↑all |O | ↑all ⟩

￼ω ([mN
μ − ω(vμ)]2) =

1
N2

N

∑
k,h=1

[ω (v(k)
μ v(h)

μ ) − ω(v(k)
μ )ω(v(h)

μ )]
￼=

1
N2

N

∑
k=1

[ω (v(k)
μ v(k)

μ ) − ω(v(k)
μ )ω(v(k)

μ )]
￼=

1
N [ω (v2

μ) − ω(vμ)2] → 0

￼ω(O) = ⟨S, m |O |S, m⟩

￼ω ([mN
x − ω(vx)]2) =

1
2N2

ω (S2
x) =

1
4N2

ω(S2
x + S2

y) =
1

4N2
ω(S2 − S2

z )

￼=
1

4N2 [N(N + 1) − m2]
￼m = 0 →



Poulin, PRL 104, 190401 (2010)

Mean-field observables
Dynamics with short-range interactions (Lieb-Robinson bounds)

The challenge is in determining their time-dependent value

￼𝕃*[mN
β ]∝

i
N

N

∑
k,h=1

[x(h)x(h+1), v(k)
β ]=

i
N

N

∑
h=1

x(h)[x, vβ](h+1) +
i
N

N

∑
h=1

x(h)[x, vβ](h−1)

￼t

￼h￼k

￼ [o(k)(t), x(h)] ≈ e− |k − h |
v t

￼ω ∘ et 𝕃* remains clustering

Quasi-local 
evolution

￼mN
μ (t) → [ lim

N→∞
ωt(mN

μ )]1Law of large 
numbers

Lieb et al. CMP 28, 251 (1972); Sweke et al. JPA 52, 424003 (2019)



Collective open quantum systems
Simplification for collective models

• If quantum state remains clustering

￼𝕃*[mN
β ] = − ∑

μ,η

Ωμεη
μβmN

η − ∑
μ,ν,η

hμν(εη
νβ mN

μ mN
η + εη

μβmN
η mN

ν )

￼− ∑
μ,ν,η,ξ

aμν

2N
εη

μβεξ
ην mN

ξ − ∑
μ,ν,η

bμν

2
εη

μβ(mN
η mN

ν + mN
ν mN

η )

￼ωt (mN
μ mN

η ) → ωt(mN
μ )ωt(mN

η )

￼[vμ, vν] = i∑
η

εη
μνvη



Collective open quantum systems
Simplification for collective models

• If quantum state remains clustering

￼𝕃*[mN
β ] = − ∑

μ,η

Ωμεη
μβmN

η − ∑
μ,ν,η

hμν(εη
νβ mN

μ mN
η + εη

μβmN
η mN

ν )

￼− ∑
μ,ν,η,ξ

aμν

2N
εη

μβεξ
ην mN

ξ − ∑
μ,ν,η

bμν

2
εη

μβ(mN
η mN

ν + mN
ν mN

η )

￼ωt (mN
μ mN

η ) → ωt(mN
μ )ωt(mN

η )

￼·mβ(t) = − ∑
μ,η

Ωμεη
μβmη(t) − ∑

μ,ν,η

hμν(εη
νβ mμ(t)mη(t) + εη

μβmη(t)mν(t))

￼− ∑
μ,ν,η

bμν

2
εη

μβ(mη(t)mν(t) + mν(t)mη(t))
Is this an approximation or is this exact?

Spohn, RMP 52, 569 (1980); Alicki et al. J. Stat. Phys. 32, 299 (1983)

￼[vμ, vν] = i∑
η

εη
μνvη

Consider ￼  that obeys the so-called mean-field equations of motion mβ(t)



Exactness of mean-field equations
What do we have to prove?

￼ lim
N→∞

ωt(mN
β ) = mβ(t)

￼ ωt(mN
β ) − mβ(t) ≤ ωt([mN

β − mβ(t)]2)

FC et al. PRL 126, 230601 (2021) & PRL 133, 150401 (2024) 



Exactness of mean-field equations
What do we have to prove?

￼ lim
N→∞

ωt(mN
β ) = mβ(t)

￼ ωt(mN
β ) − mβ(t) ≤ ωt([mN

β − mβ(t)]2)

￼ℰN(t) := ∑
β

ωt ([mN
β − mβ(t)]2)

• “Cost function”

controlling the limit to be proven

￼ ωt(mN
β ) − mβ(t) ≤ ωt([mN

β − mβ(t)]2) ≤ ℰN(t)

￼ lim
N→∞

ℰN(t) = 0 ⟹ lim
N→∞

ωt(mN
β ) = mβ(t)

FC et al. PRL 126, 230601 (2021) & PRL 133, 150401 (2024) 



￼ lim
N→∞

ℰN(0) = 0 ⟹• If 

Exactness of mean-field equations
Fact:

￼ lim
N→∞

ℰN(t) = 0

For the previously introduced collective models

FC et al. PRL 126, 230601 (2021) & PRL 133, 150401 (2024) 



￼ lim
N→∞

ℰN(0) = 0 ⟹• If 

Exactness of mean-field equations
Fact:

￼·ℰN(t) ≤ C1ℰN(t) +
C2

N

• Gronwall Lemma ￼ℰN(t) ≤ etC1ℰN(0) +
C2

C1N
(eC1t − 1)

Steps for the proof:

￼ lim
N→∞

ℰN(t) = 0

• Bound to error growth

• Use the assumption ￼ lim
N→∞

ℰN(t) ≤ etC1 lim
N→∞

ℰN(0) + lim
N→∞

C2

C1N
(eC1t − 1)

For the previously introduced collective models

FC et al. PRL 126, 230601 (2021) & PRL 133, 150401 (2024) 



￼𝕃*[XY ] = 𝕃*[X]Y + X𝕃*[Y ] + ∑
μ,ν

cμν

N
[Vμ, X][Y, Vν]

Exactness of mean-field equations
Derivation of the bound

￼ℰN(t) := ∑
β

ωt ([mN
β − mβ(t)]2)

￼·ℰN(t) = ∑
β

ωt (𝕃* [[mN
β − mβ(t)]2]) − 2∑

β

·mβ(t) ωt (mN
β − mβ(t))

• Use that 

￼·ℰN(t) = ∑
β

ωt ((𝕃*[mN
β ] − ·mβ(t)) (mN

β − mβ(t))) + c . c. + O ( 1
N )

FC et al. PRL 126, 230601 (2021) & PRL 133, 150401 (2024) 



Exactness of mean-field equations
Derivation of the bound

￼𝕃*[mN
β ] − ·mβ(t)=∑

s

qs(mN
ηs

− mηs
(t))+∑

s

ps(mN
ηs

mN
μs

− mηs
(t) mμs

(t))+O( 1
N )

￼(mN
ηs

− mηs
(t)) mN

μs
+ (mN

μs
− mμs

(t)) mηs
(t)

￼·ℰN(t) = ∑
s

rs ωt ((mN
ηs

− mηs
(t)) Xs (mN

μs
− mμs

(t))) + O ( 1
N )

• Putting things together 

￼ ωt ((mN
ηs

− mηs
(t)) Xs (mN

μs
− mμs

(t))) ≤ ∥Xs∥ ωt ((mN
ηs

− mηs
(t))

2) ωt ((mN
μs

− mμs
(t))

2)
￼≤ ℰN(t) ￼≤ ℰN(t)

FC et al. PRL 126, 230601 (2021) & PRL 133, 150401 (2024) 



Application: Time crystals
Dissipative (continuous) time crystals

￼ρ(t) = 𝕃[ρ(t)]

￼𝕃 ↔ H

Analogy with Hamiltonian 
systems 

Hamiltonian

￼et 𝕃 ↔ U ￼[U, H] = 0

￼ρSS ↔ |ψGS⟩

Symmetry of the Hamiltonian

Symmetric ground state

• Time-translation symmetric phase

￼lim
t→∞

ρ(t) = lim
t→∞

et 𝕃[ρ(0)] = ρSS

￼et 𝕃 ∘ 𝕃 = 𝕃 ∘ et 𝕃
Time-translation is a symmetry

Symmetric stationary state

￼et 𝕃[ρSS] = ρSS
FC et al. PRA 105, L040202 (2022)

Wilczek, PRL 109, 160401 (2012)
https://www.youtube.com/watch?
v=TWhWYAnKknw



Application: Time crystals
Dissipative (continuous) time crystals

• Time-translation symmetric phase

￼lim
t→∞

ρ(t) = lim
t→∞

et 𝕃[ρ(0)] = ρSS

￼et 𝕃 ∘ 𝕃 = 𝕃 ∘ et 𝕃
Time-translation is a symmetry

Symmetric stationary state

￼et 𝕃[ρSS] = ρSS

• Time-translation symmetry breaking

￼∄ lim
t→∞

ρ(t) : ρ(t) → ρLC(t)

￼et 𝕃 ∘ 𝕃 = 𝕃 ∘ et 𝕃
Time-translation is a symmetry

Stationary state breaks the symmetry

￼et′￼𝕃[ρLC(t)] ≠ ρLC(t)

https://www.youtube.com/watch?
v=TWhWYAnKknw

￼ρ(t) = 𝕃[ρ(t)]
Wilczek, PRL 109, 160401 (2012)

FC et al. PRA 105, L040202 (2022)



Application: Time crystals
Boundary time crystal

d
dt

ρ̂b ¼ L̂½ρ̂b#: ð1Þ

Time-translation symmetry breaking at the boundary
appears as a nontrivial time dependence of a (macroscopic)
boundary order parameter Ôb, occurring only in the thermo-
dynamic limit. For infinitely large times its expectation
oscillates, limNb;NB→∞Tr½Ôbρ̂b# ¼ fðtÞ,wherefðtÞ is a time-
periodic function. The definition of BTC closely follows the
one for the standard time crystals [8,16,17]. The only,
crucial, difference is that here the order parameter is defined
at the boundary.
The resulting physical picture is exemplified in Fig. 1,

taking a magnetic system as an illustration. In this example
a macroscopic magnetization builds up at the surface of a
sample. The magnetization shows persistent oscillations
even though the dynamics of the whole system is governed
by a time-independent Hamiltonian. In Fig. 1 the boundary
and the bulk are represented with different symbols in order
to stress that they may be described by different d.o.f.
Notice that the terms bulk and boundary are used here to
easily visualize the mechanism of spontaneous symmetry
breaking and suggest an intriguing connection with boun-
dary critical phenomena. What is really implied in the

construction above is that ordering in time occurs only in a
macroscopic fraction of the many-body system under
consideration, rather than in the whole bulk.
The boundary nature of time-translation symmetry

breaking in BTC has a number of important implications.
First of all, the reduced density matrix ρ̂b in the steady state
will be generically nonthermal; hence the no-go theorem
[8] does not apply: a Hamiltonian system can spontane-
ously break time-translation symmetry as a boundary
phase. Furthermore, given the well-known correspondence
of the dissipative dynamics in Eq. (1) and a unitary
dynamics governed by a time-independent Hamiltonian
on an enlarged system (see, e.g., Ref. [27]), the BTC
appears tightly linked to the existence of a time-periodic
steady state in an open quantum many-body system,
appearing though only for Nb → ∞. In order to discuss
concrete examples we focus on boundary systems
described by Markovian maps, and comment further below
about more general dissipative maps.
The evolution of the boundary in the Markovian case is

described by a master equation where the Liouvillian
operator L̂½·# has Lindblad form [27], L̂½·# ¼ i½·; Ĥb# þP

αðl̂α · l̂
†
α − 1

2 fl̂
†
αl̂α; ·gÞ with l̂α the Lindblad operators

[28]. The emergence of a time-crystal behavior in the long-
time dynamics of the system is hidden in the properties of
the Liouvillian operator in the thermodynamic limit. In the
BTC phase one should expect (i) a vanishing gap in the real
part of the Liouvillian eigenvalues, making the nonequili-
brium steady state subspace degenerate in the thermody-
namic limit with time-dependent coherences decaying over
an infinite timescale, and (ii) a nonzero imaginary part for
some Liouvillian eigenvalues in such subspace in order to
induce nontrivial oscillations. The main question now is to
find a many-body system that displays the above-men-
tioned properties. Below we will present a model of a BTC.
A BTC model.—We will show that a boundary time

crystal appears in a model used to describe cooperative
emission in cavities (see Refs. [35–40]). The boundary
Hamiltonian Ĥb ¼ ω0

P
jσ̂

x
j consists of a collection of 1=2

spins whose dynamics is governed by collective spin
operators Ŝα ¼ 1

2

P
jσ̂

α
j . The operators σ̂αj (α ¼ x, y, z)

are the Pauli matrices acting on the jth spins, and ω0 is the
coherent splitting. The terms ĤB and V̂ (see the sketch in
Fig. 1) have to be constructed in such a way to give a
reduced dynamics at the boundary of the form

d
dt

ρ̂b ¼ iω0½ρ̂b; Ŝx# þ
κ
S

!
Ŝ−ρ̂bŜþ −

1

2
fŜþŜ−; ρ̂bg

"
: ð2Þ

In the previous equation, the collective raising or lowering
spin operators are given by Ŝ' ¼ Ŝx ' Ŝy, κ is the effective
decay rate, and S ¼ Nb=2 is the total spin. In the following
the expectations of the observables are indicated as
h·i ¼ Tr½·ρ̂b#.

FIG. 1. (Upper panel) A sketch of a boundary time crystal. The
system is composed by a bulk (B) and a boundary (b) interacting
trough an interaction term V̂. The Hamiltonian of the system is time
independent. After tracing out the d.o.f. of the bulk, the dynamics of
the boundary is described by the reduced density matrix ρ̂b. In the
time-crystal phase, the behavior of collective variables will show
persistent oscillations in the thermodynamic limit. (Lower panel)
The boundary magnetization of the BTC model discussed in the
Letter is shown as a function of time, for different boundary sizes.
In the asymptotic condition, spontaneous symmetry breaking
appears in persistent oscillations when Nb → ∞.

PHYSICAL REVIEW LETTERS 121, 035301 (2018)

035301-2

￼γt

￼m
N z
(t)

Iemini et al. PRL 121, 035301 (2018)

• Is this really a time-crystal phase transition?
Mean-field equations are exact in the thermodynamic limit!

￼HN =
Ω
2

N

∑
k=1

σ(k)
x ￼J =

γ
2N

N

∑
k=1

σ(k)
−

Ferioli et al. Nat. Phys. 19, 1345 (2023)
• Numerics



• Mean-field equations

Application: Time crystals

￼·m1(t) = 2γm1(t)m3(t)
￼·m2(t) = 2γm2(t)m3(t) − Ωm3(t)
￼·m3(t) = Ωm2(t) − 2γ[m2

1(t) + m2
2(t)]

Note that equations 
can be derived from an 
effective Hamiltonian

Boundary time crystal

FC et al. PRA 105, L040202 (2022)



• Mean-field equations

Application: Time crystals

￼·m1(t) = 2γm1(t)m3(t)
￼·m2(t) = 2γm2(t)m3(t) − Ωm3(t)
￼·m3(t) = Ωm2(t) − 2γ[m2

1(t) + m2
2(t)]

• Assume ￼m1(0) = 0 ↦ m1(t) = 0

￼m2(t) = cos[ f(t)] m2(0) + sin[ f(t)] m3(0)

￼m3(t) = cos[ f(t)] m3(0) − sin[ f(t)] m2(0)

Note that equations 
can be derived from an 
effective Hamiltonian

Boundary time crystal

FC et al. PRA 105, L040202 (2022)



￼Ω/γ

￼μ α
=

1 t∫t 0
du

m
α(

u)

• Mean-field equations

Application: Time crystals

￼·m1(t) = 2γm1(t)m3(t)
￼·m2(t) = 2γm2(t)m3(t) − Ωm3(t)
￼·m3(t) = Ωm2(t) − 2γ[m2

1(t) + m2
2(t)]

• Assume ￼m1(0) = 0 ↦ m1(t) = 0

￼m2(t) = cos[ f(t)] m2(0) + sin[ f(t)] m3(0)

￼m3(t) = cos[ f(t)] m3(0) − sin[ f(t)] m2(0)

Note that equations 
can be derived from an 
effective Hamiltonian

Boundary time crystal

• Two regimes
￼lim
t→∞

f(t) = f(∞)

￼∄ lim
t→∞

f(t)

Stationary phase

Time crystal

FC et al. PRA 105, L040202 (2022)



Remark
Subtlety: time vs system size limit
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Remark
Subtlety: time vs system size limit

￼𝕃* ↦ ·m(t) = − m(t) + tanh[βm(t)]
• Simple mean-field equation

Single stationary state for 
any finite system

Below critical 
temperature ￼m+￼m−
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Remark
Subtlety: time vs system size limit

￼𝕃* ↦ ·m(t) = − m(t) + tanh[βm(t)]
• Simple mean-field equation

Single stationary state for 
any finite system

• Correct interpretation ￼ℰN(t) ∼
etC1

N
For any finite time, there is N* 

large enough …

Below critical 
temperature ￼m+￼m−

FC et al. PRL 126, 230601 (2021) & PRL 133, 150401 (2024) 



Long-range interactions
What about long-range interactions but not collective?

• Heisenberg equations are not functions of mean-field observables

￼𝕃*[mN
β ] ≠ fβ ({mN

μ }μ)
• Different approach: Can the dynamics generate local correlations?

￼ϱΛ
N (t) ↦ ⊗k∈Λ ϱ(k)

∞ (t) ?

Mattes et al. PRL 134, 070402 (2025)



Long-range interactions
Evolution equation for the reduced density matrix

￼·ϱΛ
N(t) = ∑

j∈Λ

𝕃( j)
j [ϱΛ

N (t)] +
1
cN

α ∑
j∈Λ,k∉Λ

1
∥rk − rj∥α

Trk (i[x( j)x(k), ϱΛ∪{k}
N (t)])

￼+
1

2cN
α ∑

j≠k∈Λ

1
∥rk − rj∥α

Trk (i[x( j)x(k), ϱΛ∪{k}
N (t)])

Mattes et al. PRL 134, 070402 (2025)



Long-range interactions
Evolution equation for the reduced density matrix

￼·ϱΛ
N(t) = ∑

j∈Λ

𝕃( j)
j [ϱΛ

N (t)] +
1
cN

α ∑
j∈Λ,k∉Λ

1
∥rk − rj∥α

Trk (i[x( j)x(k), ϱΛ∪{k}
N (t)])

￼+
1

2cN
α ∑

j≠k∈Λ

1
∥rk − rj∥α

Trk (i[x( j)x(k), ϱΛ∪{k}
N (t)])

Hierarchy of equations

￼·ϱΛ
N(t) ≈ ∑

j∈Λ

𝕃( j)
j [ϱΛ

N (t)] +
1
cN

α ∑
j∈Λ,k∉Λ

1
∥rk − rj∥α

Trk (i[x( j)x(k), ϱΛ∪{k}
N (t)])

￼∝ 1/cN
α

￼α ≤ d

￼α ≤ d

Mattes et al. PRL 134, 070402 (2025)



Long-range interactions
Evolution equation for the reduced density matrix

￼·ϱΛ
N(t) = ∑

j∈Λ

𝕃( j)
j [ϱΛ

N (t)] +
1
cN

α ∑
j∈Λ,k∉Λ

1
∥rk − rj∥α

Trk (i[x( j)x(k), ϱΛ∪{k}
N (t)])

￼+
1

2cN
α ∑

j≠k∈Λ

1
∥rk − rj∥α

Trk (i[x( j)x(k), ϱΛ∪{k}
N (t)])

Hierarchy of equations

￼·ϱΛ
N(t) ≈ ∑

j∈Λ

𝕃( j)
j [ϱΛ

N (t)] +
1
cN

α ∑
j∈Λ,k∉Λ

1
∥rk − rj∥α

Trk (i[x( j)x(k), ϱΛ∪{k}
N (t)])

• Solved by a family of factorised states

￼ϱΛ
∞(t) = ⊗k∈Λ ϱ(k)

∞ (t)

￼·ϱ(1)
∞ (t) = 𝕃1[ϱ(1)

∞ (t)] + Tr (𝕃12[ϱ(1)
∞ (t) ⊗ ϱ(1)

∞ (t)])Example

￼∝ 1/cN
α

￼α ≤ d

￼α ≤ d

￼α ≤ d

Mattes et al. PRL 134, 070402 (2025)



Long-range interactions
Numerical benchmark

• Circuit representation

￼HN =
Ω
cN

α

N

∑
j,k=1

σ( j)
x σ(k)

x

| j − k |α , 𝔻[O] = κ
N

∑
k=1

(σ(k)
x Oσ(k)

x − O)• System

Mattes et al. PRL 134, 070402 (2025)



Long-range interactions
Numerical benchmark

• Circuit representation

￼HN =
Ω
cN

α

N

∑
j,k=1

σ( j)
x σ(k)

x

| j − k |α , 𝔻[O] = κ
N

∑
k=1

(σ(k)
x Oσ(k)

x − O)• System

Mattes et al. PRL 134, 070402 (2025)

• Results
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￼m￼|φ1⟩ ￼|φ2⟩

￼P(m)

￼[mN
μ , mN

ν ] =
i

N2

N

∑
k,h=1

[v(k)
μ , v(h)

ν ] =
i
N ∑

η

εη
μν mN

η → 0

Quantum fluctuations

How can we consider quantum/classical correlations within a “phase”?

What is the problem with mean-field (sample-mean) observables?

• Suitable order parameters

• Classical variables, no correlations 

￼|ψ⟩ ∝ |φ1⟩ + |φ2⟩

Superposition 
state



Quantum fluctuations
From law of large numbers to (quantum) central limit theorem

￼mN
μ =

1
N

N

∑
k=1

v(k)
μ → FN

μ =
1

N

N

∑
k=1

[v(k)
μ − ω (v(k)

μ )]

Goderis et al. CMP 128, 533 (1990); Benatti et al. JPA 51, 325001 (2018)



￼ω (FN
μ FN

μ ) = N ω ([mN
μ − ω(mN

μ )]
2) =: χμ

Quantum fluctuations
From law of large numbers to (quantum) central limit theorem

￼mN
μ =

1
N

N

∑
k=1

v(k)
μ → FN

μ =
1

N

N

∑
k=1

[v(k)
μ − ω (v(k)

μ )]

￼ω (FN
μ FN

μ ) =
1
N

N

∑
k,h=1

[ω (v(k)
μ v(h)

μ ) − ω (v(k)
μ ) ω (v(h)

μ )]
• Susceptibility (scaled cumulant of order-parameter)

• Collective correlations (not captured locally)

￼ω (v(k)
μ v(h)

μ ) − ω (v(k)
μ ) ω (v(h)

μ ) ∝
1
N

Goderis et al. CMP 128, 533 (1990); Benatti et al. JPA 51, 325001 (2018)



Quantum fluctuations
Preserved quantum character

￼[FN
μ , FN

ν ] =
1
N

N

∑
k,h=1

[v(k)
μ , v(h)

ν ] = i∑
η

εη
μν mN

η → [i∑
η

εη
μν ω(vη)]1

Goderis et al. CMP 128, 533 (1990); Benatti et al. JPA 51, 325001 (2018)

For clustering states



Quantum fluctuations
Preserved quantum character

￼[FN
μ , FN

ν ] =
1
N

N

∑
k,h=1

[v(k)
μ , v(h)

ν ] = i∑
η

εη
μν mN

η → [i∑
η

εη
μν ω(vη)]1

• Emergent bosonic description of the spin system 

￼FN
μ → Bμ

Quadrature operators

• Compare with Holstein-Primakoff approximation

￼S+ = N 1 −
a†a
N

a ≈ Na

Around the pure state all up!

Goderis et al. CMP 128, 533 (1990); Benatti et al. JPA 51, 325001 (2018)

For clustering states



Quantum fluctuations
Example 

￼ω(σ(k)
x/y) = 0 ￼ω(σ(k)

z ) = 1

￼[FN
x , FN

y ] =
i
N

N

∑
k=1

σ(k)
z → i ￼[x, p] = iReminiscent of 

• Commutation relations

￼ω(FN
x FN

x ) →
1
2

￼ω (FN
y FN

y ) →
1
2

Reminiscent of the 
bosonic vacuum state ￼|0⟩

• Covariance

￼ω(O) = ⟨ ↑all |O | ↑all ⟩

Goderis et al. CMP 128, 533 (1990); Benatti et al. JPA 51, 325001 (2018)



Quantum fluctuations
Example 

￼ω(σ(k)
x/y) = 0 ￼ω(σ(k)

z ) = 1

￼[FN
x , FN

y ] =
i
N

N

∑
k=1

σ(k)
z → i ￼[x, p] = iReminiscent of 

• Commutation relations

￼ω(FN
x FN

x ) →
1
2

￼ω (FN
y FN

y ) →
1
2

Reminiscent of the 
bosonic vacuum state ￼|0⟩

• Covariance

￼ lim
N→∞

ω (eir1FN
x +ir2FN

y ) = e−(r2
1+r2

2)/4 = ⟨0 |eir1x+ir2p |0⟩

￼ω(O) = ⟨ ↑all |O | ↑all ⟩

Central limit theorem (mapping)

Goderis et al. CMP 128, 533 (1990); Benatti et al. JPA 51, 325001 (2018)



Quantum fluctuations

￼ lim
N→∞

ω (eir1FN
x +ir2FN

y ) = e−(r2
1+r2

2)/4 = ⟨0 |eir1x+ir2p |0⟩

Central limit theorem (derivation)

￼ω (eir1FN
x +ir2FN

y ) = ω
N

∏
k=1

exp [ i

2N (r1σ(k)
x + r2σ(k)

y )]
￼= ω exp [ i

2N (r1σx + r2σy)]
N

• Simplify the expression



Quantum fluctuations

￼ lim
N→∞

ω (eir1FN
x +ir2FN

y ) = e−(r2
1+r2

2)/4 = ⟨0 |eir1x+ir2p |0⟩

Central limit theorem (derivation)

￼ω (eir1FN
x +ir2FN

y ) = ω
N

∏
k=1

exp [ i

2N (r1σ(k)
x + r2σ(k)

y )]
￼= ω exp [ i

2N (r1σx + r2σy)]
N

￼ω (exp [ i

2N (r1σx + r2σy)]) ≈ ω (1 +
i

2N
(r1σx + r2σy) −

1
4N

(r2
1 + r2

2))

• Simplify the expression

• Note that

• Therefore

￼ω (eir1FN
x +ir2FN

y ) ≈ (1 −
r2
1 + r2

2

4N )
N



Quantum fluctuations
Quantum central limit theorem (in general)

• Quantum fluctuations ￼{FN
μ }μ

￼ω• Clustering* state

• Symplectic matrix

• Covariance matrix

￼sμν = − i lim
N→∞ (ω [FN

μ , FN
ν ])

￼Σμν = lim
N→∞

1
2

ω ({FN
μ , FN

ν })

Goderis et al. CMP 128, 533 (1990); Benatti et al. JPA 51, 325001 (2018)

￼{



Quantum fluctuations
Quantum central limit theorem (in general)

Theorem

• Quantum fluctuations ￼{FN
μ }μ

￼ω• Clustering* state

• Symplectic matrix

• Covariance matrix

￼sμν = − i lim
N→∞ (ω [FN

μ , FN
ν ])

￼Σμν = lim
N→∞

1
2

ω ({FN
μ , FN

ν })

￼ lim
N→∞

ω (ei(r, FN)) = exp (−
(r, Σr)

2 ) = ω̂ (ei(r,B))

• Where ￼[Bμ, Bν] = isμν

Goderis et al. CMP 128, 533 (1990); Benatti et al. JPA 51, 325001 (2018)

￼{



Dynamics of quantum fluctuations
Dynamics of quantum fluctuations in collective systems

• Define quantum fluctuations

￼FN
μ =

1

N

N

∑
k=1

[v(k)
μ − ωt (v(k)

μ )]
￼ lim
N→∞

ωt (ei(r, FN)) = exp (−
(r, Σ(t) r)

2 ) = ω̂t (ei(r,B))

• Time-evolved covariance matrix

￼·Σ(t) = G(t)Σ(t) + Σ(t)GT(t) + s(t)asT(t)

￼G(t) = D(t) + s(t)[2h + b]
Mean-field dynamics ￼·m(t) = D(t)m(t)

• Fact

Benatti et al. JPA 51, 325001 (2018)



“Normal” modes vary in time

• Time-dependent symplectic matrix

￼s(t) =
0 mz(t) −my(t)

−mz(t) 0 mx(t)
my(t) −mx(t) 0

Example

• “Rotate” into canonical form

￼R(t)s(t)RT(t) ↦
0 λ 0

−λ 0 0
0 0 0

• Rescale to standard commutation relations

￼FN
x,y →

1

λ
FN

x,y ￼↦ (
0 1 0

−1 0 0
0 0 0)

Dynamics of quantum fluctuations

FC et al. PRA 105, L040202 (2022)



Evolution of the normal modes (if initial state is already “normal”)

Emergent bosonic dynamical generator

￼
·̃
Σ(t) = G̃(t)Σ̃(t) + Σ̃(t)G̃T(t) + s(0)ã(t)sT(0)

￼G̃(t) = s(0)[2h̃(t) + b̃(t)]

￼X̃ = R(t)XRT(t)

￼𝕃*[O] = i∑
μ,ν

h̃μν(t)[BμBν, O] + ∑
μν

c̃(t)(BμOBν −
1
2 {BμBν, O})

￼̃c(t) = ã(t) + ib̃(t)

Dynamics of quantum fluctuations

FC et al. PRA 105, L040202 (2022)

Frame rotating with the mean-field observables



Derivation of the dynamics of the covariance matrix

￼ΣN
αβ(t) =

1
2

ωt ({FN
α , FN

β })
• Define the two-point function ￼CN

αβ(t) = ωt (FN
α FN

β )

Dynamics of quantum fluctuations

Buonaiuto et al. PRL 127, 133601 (2021)



Derivation of the dynamics of the covariance matrix

￼ΣN
αβ(t) =

1
2

ωt ({FN
α , FN

β })
• Define the two-point function ￼CN

αβ(t) = ωt (FN
α FN

β )
• And study its evolution

￼
d
dt

CN
αβ(t) = ωt (𝕃* [FN

α FN
β ]) + ωt (( d

dt
FN

α ) FN
β ) + ωt (FN

α ( d
dt

FN
β ))

• Note that ￼
d
dt

FN
α = −

1

N

d
dt

ωt (Vα) ￼ωt (FN
β ) = 0and 

￼
d
dt

CN
αβ(t) = ωt (𝕃* [FN

α FN
β ])

Dynamics of quantum fluctuations

Buonaiuto et al. PRL 127, 133601 (2021)



Drift terms

￼ωt (ℍ* [FN
α ] FN

β )

Dynamics of quantum fluctuations

• Terms of the type

Buonaiuto et al. PRL 127, 133601 (2021)

￼ℍ* [FN
α ] ∝ mN

η
1

N
Vμ = [mN

η − ωt(mN
η )] 1

N
Vμ + ωt(mN

η )
1

N
Vμ

￼= [mN
η − ωt(mN

η )] FN
μ + FN

η ωt(mN
μ ) + ωt(mN

η )
1

N
Vμ



Drift terms

￼ωt (ℍ* [FN
α ] FN

β )

Dynamics of quantum fluctuations

• Terms of the type

￼ωt (ℍ* [FN
α ] FN

β ) = ωt (ℍ* [FN
α ] FN

β )−ωt (ℍ* [FN
α ]) ωt (FN

β )
• Note that

￼ωt (ℍ* [FN
α ] FN

β ) ≈ ∑
s

qα
s mηs

(t) ωt (FN
μs

FN
β )

• Which can be rewritten as ￼ωt (ℍ* [FN
α ] FN

β ) ↦ ∑
s

Qαμs
(t)CN

μsβ
(t)

Buonaiuto et al. PRL 127, 133601 (2021)

￼ℍ* [FN
α ] ∝ mN

η
1

N
Vμ = [mN

η − ωt(mN
η )] 1

N
Vμ + ωt(mN

η )
1

N
Vμ

￼= [mN
η − ωt(mN

η )] FN
μ + FN

η ωt(mN
μ ) + ωt(mN

η )
1

N
Vμ



Diffusion term

Dynamics of quantum fluctuations

• Given by ￼
1
N ∑

μ,ν

aμν

2 [[Vμ, FN
α FN

β ], Vν] = ∑
μ,ν

aμν

2 [[FN
μ , FN

α FN
β ], FN

ν ]

Buonaiuto et al. PRL 127, 133601 (2021)



Diffusion term

Dynamics of quantum fluctuations

• Given by ￼
1
N ∑

μ,ν

aμν

2 [[Vμ, FN
α FN

β ], Vν] = ∑
μ,ν

aμν

2 [[FN
μ , FN

α FN
β ], FN

ν ]

￼[[FN
μ , FN

α FN
β ], FN

ν ] = [[FN
μ , FN

α ], FN
ν ]FN

β + FN
α [[FN

μ , FN
β ], FN

ν ]
￼+[FN

α , FN
ν ][FN

μ , FN
β ] + [FN

μ , FN
α ][FN

β , FN
ν ]

• Note that

￼ωt ([[FN
μ , FN

α FN
β ], FN

ν ]) ↦ sαν(t)sμβ(t) + sμα(t)sβν(t)• And thus

￼
1
N ∑

μ,ν

aμν

2
ωt ([[Vμ, FN

α FN
β ], Vν]) ↦ − [s(t) a s(t)]αβ

Buonaiuto et al. PRL 127, 133601 (2021)



￼FN
y ↦ p￼FN

x ↦ x

Correlations in time crystals
Boundary time crystal

￼HN =
Ω
2

N

∑
k=1

σ(k)
x ￼J =

γ
2N

N

∑
k=1

σ(k)
−

• Initial state ￼| ↑all ⟩
• Quantum fluctuations 

FC et al. PRA 105, L040202 (2022)



￼FN
y ↦ p￼FN

x ↦ x

Correlations in time crystals
Boundary time crystal

￼HN =
Ω
2

N

∑
k=1

σ(k)
x ￼J =

γ
2N

N

∑
k=1

σ(k)
−

• Initial state ￼| ↑all ⟩
• Quantum fluctuations 

Normal mode evolution

￼𝕃*[O] = J†(t)OJ(t) −
1
2 {J†(t)J(t), O} ￼J(t) = x − i cos[ f(t)]p

FC et al. PRA 105, L040202 (2022)



￼FN
y ↦ p￼FN

x ↦ x

Correlations in time crystals
Boundary time crystal

￼HN =
Ω
2

N

∑
k=1

σ(k)
x ￼J =

γ
2N

N

∑
k=1

σ(k)
−

• Initial state ￼| ↑all ⟩
• Quantum fluctuations 

Normal mode evolution

￼𝕃*[O] = J†(t)OJ(t) −
1
2 {J†(t)J(t), O} ￼J(t) = x − i cos[ f(t)]p

• Stationary phase
￼J(∞) = x − i cos[ f(∞)]p

￼Σ(∞) =
1
2

1 − Ω2/γ2 0

0 1/ 1 − Ω2/γ2

Spin squeezing
FC et al. PRA 105, L040202 (2022)

Buonaiuto et al. PRL 127, 133601 (2021)

 FN
x ⟩ x

Correlations in time crystals
Boundary time crystal

 HN = ↔
2

N

⨂
k=1

σ(k)
x  J = ω

2N

N

⨂
k=1

σ(k)
𝒜

• Initial state  | ⊗all ∞
• Quantum fluctuations  FN

y ⟩ p
Normal mode evolution

 →*[O] = J†(t)OJ(t) 𝒜 1
2 {J†(t)J(t), O}  J(t) = x 𝒜 i cos[ f(t)]p

• Stationary phase
 J(∥) = x 𝒜 i cos[ f(∥)]p

 ⋅(∥) = 1
2

1 𝒜 ↔2/ω2 0

0 1/ 1 𝒜 ↔2/ω2

Spin squeezing

FC et al. PRA 105, L040202 (2022)

Buonaiuto et al. PRL 127, 133601 (2021)

 1  2 ↔/ω



￼HN = Ω Sx +
λ

N
(a†S− + aS+)

￼J = κa

Spin-boson models
Mattes et al. PRA 108, 062216 (2023)Interacting light-matter system 



￼HN = Ω Sx +
λ

N
(a†S− + aS+)

￼J = κa

Spin-boson models

Mean-field phase diagram (exact)

￼{mN
μ }μ

￼a/ N
￼{

Mattes et al. PRA 108, 062216 (2023)Interacting light-matter system 



￼HN = Ω Sx +
λ

N
(a†S− + aS+)

￼J = κa

Spin-boson models

Mean-field phase diagram (exact)

Two-mode covariance matrix

￼{mN
μ }μ

￼a/ N
￼{

EntanglementDiscordClassical

Mattes et al. PRA 108, 062216 (2023)Interacting light-matter system 



Non-Gaussian quantum fluctuations
Central spin systems

￼HN ∝
λ

N
(a†S− + aS+)

• Reminiscent of spin-boson models

￼HN ∝
g

N
(τ+S− + τ−S+)

￼H ∝ λ (a†b + ab†)
Dynamics preserves Gaussianity

FC, PRL 131, 227102 (2023)



Non-Gaussian quantum fluctuations
Central spin systems

￼HN ∝
λ

N
(a†S− + aS+)

• Reminiscent of spin-boson models

￼HN ∝
g

N
(τ+S− + τ−S+)

￼H ∝ λ (a†b + ab†)
Dynamics preserves Gaussianity

• Emergent fluctuation dynamics is non-Gaussian

￼HN ∝
g

N
(τ+S− + τ−S+)

￼H ∝ g (τ+b + τ−b†)
FC, PRL 131, 227102 (2023)



Non-Gaussian quantum fluctuations
Non-clustering state and abnormal fluctuations

￼ω(O) = ⟨S, m |O |S, m⟩

￼ω ([mN
x − ω(vx)]2) ⟶ 0 ￼ω (FN

x FN
x ) ⟶ ∞

• Not a clustering state

￼ lim
N→∞

m
N

≠ S

Benatti et al. NJP 26, 013057 (2024)



Non-Gaussian quantum fluctuations
Non-clustering state and abnormal fluctuations

￼ω(O) = ⟨S, m |O |S, m⟩

￼ω ([mN
x − ω(vx)]2) ⟶ 0 ￼ω (FN

x FN
x ) ⟶ ∞

• Not a clustering state

￼ lim
N→∞

m
N

≠ S

• Abnormal fluctuations (need to modify the scaling)

￼FN
± =

S±

N
￼FN

z = Sz

￼[FN
z , FN

± ] = ± FN
±

￼⟹
￼FN

+ FN
− → 1

• Heisenberg algebra on the ring

￼FN
± → e±iθ ￼FN

z → pθ
￼[θ, pθ] = i

Derivation of the Josephson 
junction Hamiltonian 

￼H = p2
θ + J cos θ

Benatti et al. NJP 26, 013057 (2024)



Strong long-range regime  

Proof gives a clear interpretation

Exactness of mean-field approximation

Even collective models show quantum and classical correlations 

Generically captured by quantum fluctuation operators 

Quantum fluctuations (central limit theorem) 

Relevant for cavity QED, clouds of atoms, etc 

Models for non-equilibrium phase transitions 

Open quantum systems with long-range interactions

Thank you very much for your attention

Conclusions

￼ℰN(t) ∼
etC1

N

￼ lim
N→∞

ω (eir1FN
x +ir2FN

y ) = e−(r2
1+r2

2)/4 = ⟨0 |eir1x+ir2p |0⟩


