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Introduction

o Introduction

- Open quantum systems with long-range interactions

Mean-field dynamics in open guantum systems
~ Collective observables and Heisenberg equations of motion

- Mean-field approximation: Proof of exactness for long-range models

- Time-crystal non-equilibrium phase transition

Quantum fluctuations and their dynamics

~ How to account for correlations and their time evolution?
~ Spin-squeezing in non-equilibrium stationary states

~ Quantum and classical correlations in spin-boson models



Algebraic approach

- Many-body spin systems

Cavity-atom systems Atoms in a lattice
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Algebraic approach

- Many-body spin systems
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~ Many-particle algeb
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" Example
Quasi-local algebra &, = lim A O = i e~ o®
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Algebraic approach

© Quantum states
Expectation values

w:Ady— C Ay 0 - (0)=w(0)
Positivity w(ATA) > 0
{ Normalisation w(l)=1
Linearity w(A + AB) = w(A) + Aw(B)



Algebraic approach

© Quantum states
Expectation values

w:Ady— C Ay 0 - (0)=w(0)
Positivity w(ATA) > 0
Normalisation w(l)=1
Linearity w(A + AB) = w(A) + Aw(B)

- Additional properties

» Translation invariance w(6) = w(a”) = w(o,)
» Permutation invariance o (o Vo) = o (oo
» Clustering Ikllim o (7A)B) = w(A)w(B)

Example o(oV6") = w(c)w(c))  k+#h

Product state



Hamiltonian operator

- Hamiltonian

cQ[N > HN > UN(t) — e_itHN

* Local fields N
Hy x Q) ol oo 00
k=1
+ Finite-range interactions 4
Hy VZ oM+l o .{\. o
k=1

* Power-law decaying interactions

N k) - (h
Hyv Yy, —20 e
kh=1 [y — 1" ‘/_\‘
B o O
I, position vector for k h

particle k



Short- vs long-range interactions

- Power-law exponent
(")az(h)

HyxV Z i

k,h=1,ksh fras
a — range of the interactions

N (k) (h)
Hy VZ 2
=1 Itk |1 — 1, |°
Long range Short range
G ) >
0 d a

- Renormalisation: Kac-factor

VoM W0 N a<d
Hy o — Z — C, X logN a=d

N2

const . a>d



Collective interactions

- All-to-all (collective) interactions with same strength

a=~0 N
V V
N Hy o — Z oMo = —§ §
S, = Z Gr(k) N k.h=1 N
k=1

~ “Toy” models for equilibrium phase transitions

v
 Curie-Weiss ferromagnet Hy = — NSZ S,
2Tcrit
» BCS model Hy = —¢€§, SpS_
N

» Spin-boson models (Dicke or Tavis-Cummings models)



Collective interactions

o Efficient numerical simulation

S, |S,m) =m|S, m)

S* =82+ Sy2 + 7 is conserved
S, |S,m) < |S,m+1)




Collective interactions

o Efficient numerical simulation

S, |S,m) =m|S, m)

S* =82+ Sy2 + 7 is conserved
S, |S,m) < |S,m+1)

~ Exact analytical results

2Tcrit
HN = — & SZ N S_|_S_
\/
(Sy) (S_)
hy = — €85, = 2T (TS_ | N Sy
Self-consistency (S.) Normal
equations
N phase
sy Tr (e‘ﬂhN Sr)
) = - Supercond.
Tr (e=#h) phase ¢




Why open quantum systems?

~ No-go theorem for certain equilibrium transitions

* Dicke super-radiant transition cannot be realised in equilibrium

* Or even time crystals cannot be observed in equilibrium

» Uncontrolled dissipative channels (e.g. spontaneous emissions)

- Reported non-equilibrium phase transition behaviour

Numerics

Order parameter
a.u

a.u.
Control parameter

d.u.

d.u.

Experiments

Control
parameter

‘ Order
parameter

7

superradiant
phase

normal
phase

T|me




Collective open quantum systems

- Quantum master equation: Heisenberg and functional dynamics

' % ' i I f
0, = L*[0,] := i[Hy, O] + ¥ yﬂ(fﬂ 0,7, - E{Ot,JﬂJﬂ})

17

0, = e™'[0] — W, =woe™

Evolution of functionals q
(0), = w(e™ [0]) = w(0)



Collective open quantum systems

- Quantum master equation: Heisenberg and functional dynamics

' % ' i I f
0, = L*[0,] := i[Hy, O] + ¥ yﬂ@ 0,7, - E{OI,JﬂJﬂ})

17

0, = e™'[0] — W, =woe™

(0), = w(e™[0]) = (0)

1 N
- Collective jump operators  J, = \/% Z i®
k=1

- Generic form of collective dynamical generators

Evolution of functionals

N

— (k)
Vﬂ = v,
. . 1 1 k=1
L4(0) = ilHy 01+ X 6 (Va OV = SHO VYY) Tr) = 5,

/8%
h
_ v Example
Hy=) QV,+ ) VY. P
Iz 787

v, = aﬂ/\/z




Collective open quantum systems

. . . N
- Generic form of collective dynamical generators vV — Z »®)
I/ 2
k=1

. 1 1
L*[0] = i[Hy, O] + N MZU CMU(V'M oV, — 5 {0 : VﬂVU}>
Kossakowski matrix

cp=a,+i,,, a,b, €R

J77% uv ° “uv

c >0

L*[0] = i[H 0]+lza”””V 0] V]+iZb””{[V 0] V}
N> N 2 u’ s Yy N 2 7k > Yy

/87 HY

- Single-site dissipative contributions

N
. . g
D*[0] = },2 (JT(k) 0;® _E{JW ]<k>,0}>
k=1

Break the conservation of total angular momentum!



Collective open quantum systems

- Numerical simulation is still efficient but much more limited

o
n

o
B
°

Order
parameter

©
[

o
o




Mean-field observables

- Sample-mean propertles of the system

v,
v) w(v®) ( )
-7 2o v

m'’ — ?
N> 1



Mean-field observables

- Sample-mean propertles of the system

v,
v) w(v®) ( >
-7 2o v

N E m/iv -7
N N> 1
~ (Quantum) Law of large numbers
» Clustering state @ m) — | lim w(m))|1 = o)1
N—oo

Under any possible expectation
lim w(Am;B) = w(AB)w(v,) A,B€ d,

N—o0

* Proof

‘a)(AmNB)—a)(ABmN)‘ A H B]H -0

w(AB [m) - ()] ) | < lIAI ||B||\/ o ([mY - w0,)]?) -




Mean-field observables

- Example: clustering state @(0) = (1,5 10| T, )

I < | '
0, <[m/])’ — a)(vﬂ)]2> = ) 2 0 (vlgk)v/gh)> — a)(v/flk))a)(v/gh))
kh=1 b -

I @ [ '

— ) ) <vp(tk)v/§k)) — a)(vlgk))a)(v/gk))

k=1 L -

0 (vj) — a)(vﬂ)z_ — 0

1
N |



Mean-field observables

- Example: clustering state @(0) = (1,5 10| T, )

N —

, _
o ([m! = o0)]?) =5 X @ (") - 00eel)
kh=1 b :

I @ [ '

— k), _ (k) (k)

= 0, <vﬂ v, ) o(v,”)o(v,”)

k=1 *

, _
= ~ 0 (vj) — a)(vﬂ)2 — 0

- Example: non-clustering state  @(0) = (S,m|O|S, m)
1 1 1
N > > 2, @ 2 @
_ =0 (52) =—— (2 +52) = ——w(S2 - S
(o) g 5 gt 51+ -5
1
=4—]\72[N(N+1)—WL]
1

m=0 - w([mjf—a)(vx)]z) -



Mean-field observables

- Dynamics with short-range interactions (Lieb-Robinson bounds)

QuaSi-IOCaI H [0(k)(t) X(h)] H ~ o Ikv—thl
evolution ’

W oe remains clustering

Law of large .. Ny = [ lim NE
numbers [N—>ooa)t(m'u )

- The challenge is in determining their time-dependent value

N

i
[L*[mév]“ﬁ Y [x<h>x<h+1> (k)] Z x0[x, v D 4 = Z xM[x, =D
k,h=1



Collective open quantum systems

- Simplification for collective models _ Z n
P vevl=i) gy,

"

%[V " N 17NV 3, N
L [m |=— Zﬂﬂ €15 ,7 Z eyﬁmﬂ " +8ﬂﬁm,7m )
8%

b
_ Z 2N Mﬁ nv Z ;U Mﬂ(mNmN+m£me7v)
TN/ RS Koo
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» If quantum state remains clustering ~ ®, <mﬂ m; ) - w,(m))ow,(m))



Collective open quantum systems

- Simplification for collective models _ Z n
P vevl=i) gy,

n
%V n n...N,_ N
L [m |=— Zﬂﬂ €15 ,7 Z eyﬁmﬂ +8ﬂﬁm,7m )

22y
b
Uv

— Z 2N uﬁ ,7,, — Z 5 Mﬂ(mNmN+mNmév)
TN/ RS Koo

N_,. N N N

» If quantum state remains clustering ~ ®, <mﬂ m; ) - w,(m))ow,(m))

- Consider mﬂ(t) that obeys the so-called mean-field equations of motion

tig(0) = = ) Qe m ) = X by, (&l m (Om, (1) + 1 m, (O, (1))
7%/ b N2
(m, (Ym, (1) + m,()m, (1))

[T8%)
Is this an approximation or is this exact?



Exactness of mean-field equations

-~ What do we have to prove?

lim a)t(mg’ ) = Mg(1)

N—o0

a)t(mgl ) — m(t) ‘ < \/ a)t([mgl — mﬁ(t)]z)




Exactness of mean-field equations

-~ What do we have to prove?

lim a)t(mg’ ) = Mg(1)

N—o0

a)t(mgl ) — m(t) ‘ < \/ a)t([mév — mﬂ(t)]z)

e “Cost function”

En(1) 1= Z W <[m/];v - mﬁ(t)]2>
p

controlling the limit to be proven

w(m}) = my(0)| <o, (Im) =m0 < /B0

lim &y(r) =0 = lim a)t(mgf ) = mp(7)

N— 0 N— o0



Exactness of mean-field equations

o Fact:

For the previously introduced collective models

. If lim &,(0)=0 = lim &(7) = 0
N—oo N—oo



Exactness of mean-field equations

o Fact:

For the previously introduced collective models

. If lim &y (0)=0 = lim &(7) = 0
N—oo N—oo

- Steps for the proof:

. C
» Bound to error growth &) < CE\(1) + Wz
1C | C2 Cit
. Gronwall Lemma En(t) < e 4(0) 4 v (€' — 1)
1

. . tC . . C2 C.t
« Use the assumption lim &(f) < e™ lim &y (0) + lim —— (e th— 1)

N— o0 N— o N— o0 Cl



Exactness of mean-field equations

o Derivation of the bound

Ext) = Y, o, (I = my(oP)
5

C6.”N(t) = 2 W, (|]_>x< [[mév — mﬁ(t)]2] ) -2 Z n’zﬁ(t) @, <m£/ — mﬁ(t)>
p p

¢ 1%
+ Usethat L*[XY] = L¥[X]Y + XL*[Y]+ )’ — [V, X1, V]
U,V

%N(t) _ ;a)r ((u_*[mé\’] — n’tﬁ(t)> (mg’— mﬁ(t)>) +c.c.+ 0 (%)



Exactness of mean-field equations

o Derivation of the bound

L#[m)] — ring(t) = Z%(m —m (z)>+ pS< my my —m, (1) m, (t))+0(N)

* Putting things together

sl

\)




Application: Time crystals

~ Dissipative (continuous) time crystals

p(t) = L{p(®)]

>

(@) t> 1 Stationary phase
o A Order parameter
P € S Stationary state
Symmetric ® s aFluctuations |
asymptotic state Stationary state
t'C _ _—
e~ [pss] = pss — :

* Time-translation symmetric phase

lim p(¢) = lim e"*[p(0)] = pgg

[— 00 [— 00
Time-translation is a symmetry
e'toll=Loet

Symmetric stationary state

e pss] = pss

>

Analogy with Hamiltonian
systems
L &« H Hamiltonian

Symmetry of the Hamiltonian

el o U (U, H] =0

Symmetric ground state
Pss < |WGs)



Application: Time crystals

- Dissipative (continuous) time crystals

p(t) = L{p(®)]

(@) t>1 Stationary phase
o AOrder parameter
P € L Stationary state
>
Symmetric ® s AFluctuations
asymptotic state Stationary state
t'L . _—
e’ ~ [pss] = pss — —>

* Time-translation symmetric phase

lim p(¢) = lim e"*[p(0)] = pgg

[— 00 [— 00
Time-translation is a symmetry
e'toll=Loet

Symmetric stationary state

e pss] = pss

Time-crystalline phase

(N ! Ord t
p AOrder parameter
e’ pc(?) Limit cycle

o .
PLC(t‘Ft,)'. ........... : f\f\f\l)

AFIuctuations

Symmetry-broken
asymptotic state

"L N 4\ Li th
et L [pLC (t)] 75 PLC (t) y Inear gl’OW >

time t

* Time-translation symmetry breaking

Alim p(t) : p(1) = ppc(t)

[— 00
Time-translation is a symmetry
e’bolL=1Loe't

Stationary state breaks the symmetry
e" M pLc()] # pLc@)



Application: Time crystals

~ Boundary time crystal o -

* Numerics
0.6

0.4

0.2

* |s this really a time-crystal phase transition”?
Mean-field equations are exact in the thermodynamic limit!



Application: Time crystals

~ Boundary time crystal
* Mean-field equations

iy (1) = / 2ymy (Dmy(1) Note that equations
(1) = v/ 2yma()my(£) — Qimy(2) can be derived from an
tina(1) = Q1) — \/Ey[mlz(t) + mX(1)] effective Hamiltonian



Application: Time crystals

~ Boundary time crystal
* Mean-field equations

iy (1) = \/Eyml(t)m3(t) Note that equations

1, (1) = \/Eymz(t)m3(t) — Qmi (1) can be. derived_from an

m3(t) — sz(t) _ \/zy[m%(t) + m22(t)] effective Hamiltonian
* Assume m;(0) =0+ m () =0

ma(t) = cos| /(1)] my(0) + sin[ £(1)] my(0)

my(t) = cos[ f(1)] my(0) — sin[ (1)] my(0)




Application: Time crystals

~ Boundary time crystal
* Mean-field equations

i, (1) = A/ 2ym, (H)ms(t)
iy () = \/ 2ymy(O)my(t) — Q1) | from
tina(1) = Q1) — \/zy[mlz(t) + m2(D)] effective Hamiltonian

* Assume m;(0) =0+ m () =0

m,(t) = cos

ms(f) = cos

* Two regimes

().

().

m,(0) + sin

m,(0) — sin

().

().

Stationary phase 11m f(7) = f(o0)

[— o0

Time crystal 2 lim f(?)

[— 0

Note that equations
can be derived from an

m3(0)

my0)
~ - \/5 2
s s
<
~
o 0




~ Subtlety: time vs system size limit

h {

LI LR TSR
.
. Efa s Sye 0 ey

S i .. Mean-field theory
S§ N (b)
yt 100
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~ Subtlety: time vs system size limit

1 ; _{!‘..oo...» ’..u’..»..’u“.u...u.’.u . ’.'0 ".'o"o'o"o'o.’o'o“o'o“o'
= EF .
- E - Mean-field theory .
S§E N (b)
0
yt 100

« Simple mean-field equation
L* — m(t) = — m(t) + tanh[fm(7)]

Single stationary state for Below critical S £|> Z
any finite system

temperature



~ Subtlety: time vs system size limit

hyunnuau;uuﬂmwmm“
@ E' - Mean-field theory .
SE N (b)
0
yt 100
» Simple mean-field equation
L* > m(t) = — m(t) + tanh[fm(7)]
Single stationary state for Below critical S & Z
any finite system temperature
. . ety '
 Correct interpretation &,(7) ~ N - (c) N ____________________________
For any finite time, there is N SO
large enough ... 0 w 10



Long-range interactions

- What about long-range interactions but not collective?

(a) Lattice T Ljk p ‘k( L \
Dimensiond  ||T; — il L r{ r iugs?

N sit =1 TD ~7TH_T__;/ ————— T
SILES 9. —) ( A)

(b) Mean-field dynamics  Nonvanishing correlations

[QNt,_)®Q(J) ] QNt'*)®Q(J)

JEA JEA

= >

®-
Qo —

» Heisenberg equations are not functions of mean-field observables

[I_*[m/]j,"] # [ ({m})’}ﬂ)

* Different approach: Can the dynamics generate local correlations?

on@® P ®ueaoP® o



Long-range interactions

- Evolution equation for the reduced density matrix

1
N = ), Loy + — 7 »

jeA A e kg

1 1
e Z r-II“ <Z[X(]) > QNU{k}(t)]>

I, —r ||aTr’<<’[xm g0 )
k7




Long-range interactions

- Evolution equation for the reduced density matrix

1
N = ), Loy + — 7 »

jeA A e kg

Tt (, XDy B AUtk )
e e GO

~ Hierarchy of equations a <d

1
N ~ ) Lo + — 7 »

JEA X jeNkEA

Tt <ix(j)x(k) AUk} (4 )
e, —rjlle " [ v



Long-range interactions

- Evolution equation for the reduced density matrix

1
ON(1) = Z L[ (0] +— 7 Z I

~ Hierarchy of equations a <d

1
N ~ ) Lo + — 7 >

JEA X jeNkEA

e T (105 g o )
k0

« Solved by a family of factorised states a <d
08D = ®pep 05(1)
Example  04)(0) = Li[o()] + Tr (L 5[0l () ® 0L (D)])



Long-range interactions

- Numerical benchmark

o & (j) (k) N . .
X
. System  Hy = —— Z —, DIO]=x)Y (a§ 06® — 0)
|J — k] n
Jk— =1
(a) Qoo A =g
F—kl* LN R 1
o _ © & ... g <Y ... & .. | Y
» Circuit representation ) 1 2 ik N
j_u . R s = etﬁl_ Q({J k})
A uj{ B s e 7] I
1 Uk;]_ ' ‘\
-Itrl Z/{jN Z/{ ‘\”:4
T N : w Dissipation
N nteractions | l itr



Long-range interactions

~ Numerical benchmark
Q Y se® N

. System  Hy = —— Z S DIO]=k ) (a§k>oa§k> _ 0)
a oy 1K =
(a) Qoo A =g
J =kl N R !
L _ © 0 - &< e . o .. | Y
» Circuit representation ) 1 2 ik N
j — W = etf,l [— ({],k})
kL4 Upn it - — et e
1 _Ukl t Z/{ s
: 411 iN 2 n
: Int >4t *N|' Dissipation
N nteracuons | | Lty
* Results 0.061
S
0.03f
ST
O s
0




Intermezzo



Quantum fluctuations

- What is the problem with mean-field (sample-mean) observables?
» Suitable order parameters J

» Classical variables, no correlations x

[ ] N [ ]
l l
N . N| _ SEN())] N
[mﬂ,myl =¥ E [V;E)’Vi )] = E &y,m, — 0
k,h=1 n

-~ How can we consider quantum/classical correlations within a “phase™?

. P(m)
Superposition

state
lw) < | @) + | @)

| ) | ;) m



Quantum fluctuations

- From law of large numbers to (quantum) central limit theorem

I < ' '
N_ (k) po _ (k)
My = NZVM ~ Z Vi a)<vﬂ >

k=1 VN o




Quantum fluctuations

~ From law of large numbers to (quantum) central limit theorem

l ' '
— (k) N po _ (k)
Ly - Z - (1)

k=1 ]V'k—

» Susceptibility (scaled cumulant of order-parameter)
N

| _ _
W <F£’Fj)’) = Z W (v/gk)vp(th)> — <v/§k)> w (v;f”)

k,h=1 *

® (F;VF;,V> =Nw ([m,iv— w(m, )]2> = Xy

 Collective correlations (not captured locally)

1
k), (h) ) _ (k) w\ o L
a)<Vﬁ Vﬂ ) a)<yﬂ )(@’(Yﬂ ) OC}V



Quantum fluctuations

~ Preserved quantum character

| &
[F,iv, FiV] — Y 2 [vlgk), vﬁ”] — iz el m,év — [i Z e\, a)(V,?)] 1
k,h=1 n n

For clustering states



Quantum fluctuations

~ Preserved quantum character

N
[F/])’, F,ﬂV] = 2 [v/gk), vlgh)] = iz el my - [lz £, a)(vn)] 1
k,h=1 n n

For clustering states

* Emergent bosonic description of the spin system

N
Fﬂ — Bﬂ

Quadrature operators

« Compare with Holstein-Primakoff approximation

:
S+=\/N\/1 = 24 ~+/Na

N
Around the pure state all up!



Quantum fluctuations

~ Example ®(0) = (1 10| 11 )
o) =0 ofe) =1

« Commutation relations

. N
l :
[Ff(\’ Fé\’] = NZGZ(") - Reminiscent of |x,p| =i
k=1

. i 1
Covariance w( FN Fff) L Z

21 Reminiscent of the

N =N bosonic vacuum state |0)



Quantum fluctuations

- Example 60(0> =(Tan 1O Tan
k) —
a)(ax/y) =0 a)(gz(k)) — 1
 Commutation relations
. N
l :
[Ff(\’ Fé\’] = NZGZ(") - Reminiscent of |x,p| =i
k=1
. - |
Covariance w(FQ’FQ’) o
21 Reminiscent of the
0 <F§\’F§V> o0 bosonic vacuum state |0)
2
- Central limit theorem (mapping) ...,

®
----------
""""""""""""
‘‘‘‘‘‘‘
. LR

¥
im @ (eirlFiVHrsz) — e—(r12+r22)/4 — 40 | eir1x+ir2p | O>

. -
“““““
. L B
. L B
. a®
tttt
. st

.
|
P
st
at®

|
“““
L 4 “‘
‘‘‘‘‘‘
L anB
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Quantum fluctuations

~ Central limit theorem (derivation)

: N N 2
Him w (elrlF x Tty ) e —(r{+r)l4 _ <O | elr1x+lr2p | O>
N—oo

« Simplify the expression N - _

F-tir,FY ! k k
0, (e”’l ok ) = w Hexp — <r10§ ) + r20§ ))
k=1 V

N

= GXp (FIUX + r20y>




Quantum fluctuations

~ Central limit theorem (derivation)

Im w
N—>o0

« Simplify the expression

* Note that

w | exp i
( V2N

 Therefore

N N
@ (ezrlF x Hinly ) — I IeXp

(rlax + r20y> ) ~

. ( i FN i, FY )

N

k=1

(elrlFN+zr2FN> e —(ri+r)l4 _ <O | o NX+inp | O>

l
<r1 ag‘) + rza}(,k))
N

N




Quantum fluctuations

~ Quantum central limit theorem (in general)

* Quantum fluctuations {F,iv}ﬂ

 Clustering* state 0, }—\
N

» Symplectic matrix Sy =—11m | @ [F,iv F,,]

N— o0

1
) . : 1 N N
Covariance matrix 2, = ]\1,1_130 Ew ({FM i })



Quantum fluctuations

~ Quantum central limit theorem (in general)

* Quantum fluctuations {F,iv}ﬂ

 Clustering* state 0, }—\

» Symplectic matrix S = 1 51_{1010 v [F’]’V F ]
[ ] . 1 1
» Covariance matrix 2 = llm —w ({FN FN})
HY N—-o0 2 A Y

o Theorem

lim w (ei<r’FN)> = exp ( (r Zr)) — QO (ei(i”,B)>

N— o0 2

* Where [B,,B,|=1s,



Dynamics of quantum fluctuations

~ Dynamics of quantum fluctuations in collective systems

* Define quantum fluctuations

 Time-evolved covariance matrix

(1) = GOZ(@®) + Z(OGT () + s(Has’ ()
G(1) = D(1) + s(t)|2h + b]

/

Mean-field dynamics mi(t) = D(t)m(r)



Dynamics of quantum fluctuations

~ “Normal” modes vary in time

* Time-dependent symplectic matrix
0 m, (1) —my(t)

Example s@)=|-m,() O m, (1)
my(t) —my() 0

e “Rotate” into canonical form

0O 4 0
ROsHOR'®) ~ |-1 0 0
O 0 O

« Rescale to standard commutation relations

R (o 1 o>
' — I — -1 0 0
X,y X,y

VA 0 0 0




Dynamics of quantum fluctuations

- Evolution of the normal modes (if initial state is already “normal”)

Frame rotating with the mean-field observables
X = ROXR (1)
S(t) = GOE@) + S(EGT() + s(0)a(n)sT(0)

G(t) = 5(0) lzﬁ(t) + B(t)]

- Emergent bosonic dynamical generator

L5[0] =i ) R, (1) [BﬂBy, 0] D &) <Bﬂ03,, ~ % {BMBU, O })
o

Uv

&(f) = alt) + ib(¢)




Dynamics of quantum fluctuations

~ Derivation of the dynamics of the covariance matrix

V(1) = %wt ({Fﬁf FY })

» Define the two-point function Cévﬁ(f) = <Fév Fg)



Dynamics of quantum fluctuations

~ Derivation of the dynamics of the covariance matrix

V(1) = %wt ({F;V FY })

 Define the two-point function CN (t) — W, (F(])cv F?)

* And study its evolution
Yev = o (L [FN FN] ol (L Yy Y o (P (Lpy
dr t p ‘N \dr ¢/ 7 "\ Y \dr ”

1 d
. Note that ~ —FV = o, (Va) and o, (FQ) )




Dynamics of quantum fluctuations

o Drift terms

» Terms of the type ), (H* [Fév] F?)

I 1 I
1 [F] oy —=V, = [ml — o m) | —=V, + o,m)—=V,

VN " VN VN

|
— [mfyv — a)t(mév)] F/iv + Féva)t(mflv) + a)t(m,év)ﬁVﬂ



Dynamics of quantum fluctuations

o Drift terms

» Terms of the type ), (H* [Fév] F?)

I 1 I
1 [F] oy —=V, = [ml — o m) | —=V, + o,m)—=V,

VN " VN VN

1
= [mév — a)t(mév)] F/iv + Féva),(mf)]) + a)t(m,év)ﬁVﬂ

* Note that
o, (0% [F2] FY) = oo, (007 [FY] FY )0, (107 [F2] ) 0, ()

o, (W [FY] BY) ~ Ym0 o, (Y EY)

S

« Which can be rewritten as @, (H* FY| F Py ) — Z Qo (DT, (1)
S



Dynamics of quantum fluctuations

o Diffusion term

: 1 a'uy N N a'uy N N N N
- Givenby '~ ”Vﬂ,Fa Fﬁ],VV] -y~ ”Fﬂ,Fa Fﬁ]F]

IT8% ITR%




Dynamics of quantum fluctuations

o Diffusion term

- e N N Ywllen pN pN] gN
Givenby >\ =5 |V, FYEY|. V.| = X 2| |EYFY E) R
U,V U,V
 Note that
”FlgV FN Fg’],FN] _ ”FN FN] FN]Fg’ +FV ”FN F}j] FN]

[FN FN] [F F;}V] [F/iVFé\’] [Fgf,F,ﬂ\’]

. Andthus @, (”F/QV FN Fg],Fy]) 5, (D550 + 5,0(0)55,(1)

%,,,,y %wr (”Vu’Févaév]’V”D =~ bwaso],,



Correlations in time crystals

~ Boundary time crystal o WAL 7 N

» Initial state | T, ) k=1 k=1

» Quantum fluctuations FNsx FYeop



Correlations in time crystals

~ Boundary time crystal

Q< k) 7N k)
Hy=— ) o J=4[/— ) o’
N 2]; X \/2Nk§

» Quantum fluctuations FNex  F)-p

+ Initial state | 1,5 )

~ Normal mode evolution

1
L¥(0] = J'(00J(@) = {J 0. 0} J(t) = x — icos[f(1)]p



Correlations in time crystals

~ Boundary time crystal N N
K ’ H, = 2 Z o g= [ (k)
" 2 g ON &~
* Initial state | T, ) =1 =1
- Quantum fluctuations FNex  F)-p

~ Normal mode evolution

1
L¥(0] = J'(00J(@) = {J 0. 0} J(t) = x — icos[f(1)]p

 Stationary phase

J(o0) = x —icos[f(c0)]p l & ? losxu_‘w_ /
9) 9) 08 N E £0.5.-f_-_::-_--_"_‘E.'______ Grn

(Vo RNV IE e
2(00) = 5 ¢ |0 N

. 30 “\ E 1 """ . '

0 1/\/ I — Q22 0 e ™
. . 02 _— 50 \ 0.85 ‘E,'ff,’f’,'“‘
Spin squeezing - 00 B



Spin-boson models

~ Interacting light-matter system

Hy=QS, +— (aTS_+aS+)

- Atoms

00‘3:‘ |
‘ TINEKE X
| ®oht field],




Spin-boson models

~ Interacting light-matter system

A
| | — — (T
l Atome, I Hy QSX+\/N (a'S_+aS,)

00 o

| "Light field J =+/ka
i ' & -7,
- Mean-field phase diagram (exact) . A 0.6
< teaee’ -~ Time-crystal| |
{mN} ~ Yha / r g lIl’;)ehg?e’S a _
wlp 0.5 =70.06 10
a/\/ﬁ e = // I
ricritisal-0.04
point \| 0.1680 (2 /x 0.1682 i

% 0.5 Q/k 1



Spin-boson models

~ Interacting light-matter system

U \\Kﬂ > mz
A
’ o3 & “ Time-crystal| | |
- . phase '
0.06 0
A v
ricritl a1L0_04/
point \| 0.1680 Q) /x 0.1682
0 - 1
. . 0 0.5 Q/k 1
~ Two-mode covariance matrix
1 Classical 1 Discord 1 Entanglement
(a) _- - jA<—L (b) \\\’6 S - DA<—L (c) = - g
o |Uncorrelated e 15 o . 6@0, - 1  |Uncorrelated i 0.5
~. [ stationarys _ < - ~ DY 7 |~ | stationary. _ ~ -
~ phase ¢ ~ & < phase
0. Classical - 0.5 g 0.5 3
orrelation 4 I L~ :
/ Quar11t}[1.m _ _ ~ Entangled
/ correlation / time-crystal
0 ! ‘ i ! phase

0 05 qm 1 0 0 05 qm |



Non-Gaussian quantum fluctuations

(N)
~ Central spin systems 0.
o« (6,5 405, 2O 1
X——I\7 T :
N \/N ++ = —~+ O‘“:;
o L@
* Reminiscent of spin-boson models O
Hy <« — (a'S_+aS Dynamics preserves Gaussianit
v \/N( +)~ Dy p y

Hx A (aTb + abT)



Non-Gaussian quantum fluctuations

> Central spin systems - O

L]
",
‘e
.

8 ol g
HNO(W (T+S_+T_S_|_) Oé«i}‘
Of ¢ T,
(k)
* Reminiscent of spin-boson models O
Hy x — (aTS— + aS+) ~ Dynamics preserves Gaussianity

VN H oA (a'b+ab')

* Emergent fluctuation dynamics is non-Gaussian
0.2

Hy - (T+S_ T_S+)
N

5 (an)

-0.2 |

0

Hxg (T+b + T_bT)

-0.4




Non-Gaussian quantum fluctuations

~ Non-clustering state and abnormal fluctuations

o m
w(0) =(S,m|0|S,m) ]\}I_I)IOION#S

* Not a clustering state
a)([mf(\’—a)(vx)]z) 3% 0 a)(Ff(VF}](V) —> 0



Non-Gaussian quantum fluctuations

~ Non-clustering state and abnormal fluctuations

0) = (S,m|0|S lim — # S
— 1m —
* Not a clustering state
0 ([mfiv— a)(vX)]2> 3% 0 0 (F)Z(VF)](V) —> 0
* Abnormal fluctuations (need to modify the scaling)
N _ O
fx =27 _ [FN,FY] = £ FY

» Heisenberg algebra on the ring

FN et FN Derivation of the Josephson
- . junction Hamiltonian
[Q,pg] =1

H=p§+]cos€



Conclusions

Open quantum systems with long-range interactions

Atoms
° i 006%°
Relevant for cavity QED, clouds of atoms, etc .L..ﬁ °

L s oy 1ght 11€

- Models for non-equilibrium phase transitions .
Exactness of mean-field approximation
~ Strong long-range regime 1; :
© Proof gives a clear interpretation = ii - Mean-field theory
[) ~
N N yi 100

Quantum fluctuations (central limit theorem)

~ Even collective models show quantum and classical correlations

- Generically captured by quantum fluctuation operators

. . N | : N (2 2 . .
Alflm W <elr1FX +lr2Fy> — e (ri+r)/4 — <O | el X +inp | O>
— 00

Thank you very much for your attention



